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A random configuration of objects in space, or a stochastically rough boundary, is
considered to scatter an incident acoustic or electromagnetic wave having harmonic
time dependence e'«!. In the case of a stochastic surface, Beckmann has compared the
Kirchhoff solution with his approach, which employs random walk. The latter approach
is used to demonstrate the Rayleigh-distributed amplitude of a field scattered by a very
rough surface. This demonstration requires the conjecture that large standard deviations
in the random phases of the scattered elementary waves result in an incoherent scattered
field. Beckmann’s conjecture has not been rigorously proven. However, in this paper,
incoherence of the scattered field and broad distributions, over many cycles, in the
phases of the elementary waves are both shown to be implied by a third condition,
which is defined. Furthermore, the random phase of an incoherent field is shown to be
statistically independent of its amplitude and uniformly distributed on a 2#-rad interval.

KEY WORDS: Propagation; acoustics; electromagnetic waves; scattering; incoherence;
random walk; uncertainty principle.

1. INTRODUCTION

The total acoustic or electromagnetic-wave field scattered by a rough surface or by
any configuration of scatterers, at a given point in space or in a given direction, may be
considered as a sum of elementary waves in mutual phase interference.” The incident
field has harmonic time dependence e’f, where w is the angular frequency, and is
considered to originate from a common point or a common direction.

In Fig. 1(A), a group of objects is illuminated by a point source. Each scatterer
reradiates the incident wave with a changed amplitude and phase, both of which are
complicated functions of the position, shape, and orientation of the scatterer, as well
as of its acoustical or electrical properties.® Letting P; be the phase change at the
Jjth scatterer, j = 1, 2,..., and denoting its distances from the source and receiving
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Fig. 1. (A) Incident wave-field from common point-source scattered by a configuration of objects.
(B) Incident plane-wave field from common direction scattered by a rough surface.

points by d; and d,; , respectively, the received phase of the scattered wave due to the
Jjth scatterer is given by®"

@; = P; + Q2n/Ndy; + d,y) )

where the term w? for the phase of the source is suppressed, and A is the wavelength of
the incident radiation. The received amplitude of this scattered wave is denoted by
A;, and is always taken to be nonnegative. Therefore, the amplitude 4 and phase @
of the total scattered field at the receiving point are determined by the sum of complex
numbersV

M
Aei® = Z A; exp(i®;), AZ=0, —7a<P<mn )]

§=1
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where M denotes the total number of scattering objects contributing significantly to
the total field at the receiving point.

In Fig. 1(B), a rough surface is illuminated by a plane-wave field. The wavelength
of the incident radiation is considered to be small with respect to the amplitude of the
surface roughness. Then, to a first approximation, the contributions to the scattered
field in a particular direction originate from those segments of the surface whose
slopes are favorable to locally specular reflections®® in that direction. In addition, the
radii of curvature of these segments must be large enough with respect to the radia-
tion’s wavelength so that most of the energy there is reflected in the locally specular
direction.’” The phase of each elementary wave emitted from a corresponding
surface segment can be determined from an equation similar to Eq. (1),'® and gener-
ally depends on the position and slope of the segment as well as on the acoustical or
electrical properties of the surface. Therefore, the amplitude 4 and phase @ of the
resultant scattered field in a particular direction are given by Eq. (2). It will be assumed
in this paper that the summation in Eq. (2) is finite or can be truncated with little error
after some number M of terms.

If the array of scatterers is random, or if the surface is stochastic, then the vectoral
terms in Eq. (2) are random quantities, and the summation becomes a random walk.
If the amplitude of the boundary roughness, or the uncertainty in position of each of
the scatterers, is large with respect to the radiation’s wavelength, and if the grazing
angle of the incident field upon the scattering region is not too small, then each
random phase @; is observed to be distributed over many cycles.2® [Note Eq. (1)
for small A.] Owing to the periodicity of the function exp(i®;), the sum in Eq. (2)
depends only on each primary phase ®; , which is the actual phase @; mapped into
some interval of length 2+ radians by adding or subtracting the necessary multiple
of 27 from each outcome.

In mathematical terms, the randomly scattered field is said to be incoherent if®®

M
E(4?) = ), E(47) 3)
=1
where E denotes mathematical expectation, and where it is noted that the intensity of
a wave is proportional to the square of its amplitude. Observing that exp(i®;) =
exp(i®,), it can be shown, using Eq. (2), that

M
E(42) = Y E(42) + 2E(T) 4
i=1
where T is the sum of the “‘cross’ terms

T=1YY A,4,(cos B, cos B, + sin D, sin B;) ®)

k7

If the primary phases are independent random variables uniformly distributed on
their 2w-rad intervals, then E(T) vanishes, as observed in ref. 6, when the A4; are
assumed to be constants. Then, Eq. (4) reduces to the incoherence condition, Eq. (3).
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However, if random A4; are considered, then the additional stipulation that each A4;
be independent of every primary phase @, is observed to be needed in order that E(T)
vanish. Therefore, in this paper, incoherence is defined to satisfy the following three
conditions: ‘ :

(/Y Each primary phase ,, 1 < j < M, is uniformly distributed on its 27-rad
interval.
(i) The primary phases are totally independent random variables.
(iif) The random vectors (4y ,..., Ayy) and (@, ,..., Dy, are independent.

If the scattered field is not only incoherent, but also satisfies the conditions:
(iv) the random amplitudes A; ,..., 4, are totally independent;

(v) the standard deviations of the A; are all similar in magnitude;

(vi) M is large;

then the resultant amplitude 4 of the scattered field can be shown to be nearly
Rayleigh-distributed.'® Furthermore, the resultant phase @ is observed to be inde-
pendent of 4 and uniformly distributed on the interval (—, 7). These conclusions
follow directly by applying the central limit theorem to the real and imaginary compo-
nents of Eq. (2).

The model in Fig. 1(A) has been applied to the propagation of vhf and uhf radio
signals beyond the horizon by their scattering in the ionospheric and tropospheric
layers of the atmosphere.’” The index of refraction in these layers varies randomly
from point to point as well as with time. Therefore, as a first approximation, these
layers are partitioned into “blobs,” i.e., inhomogeneities of uniform refractive indexes,
which differ from that of the atmosphere into which these scatterers are emersed.
These blobs are imagined to vary randomly in position (as well as in shape and orien-
tation). Within a layer, the volume which is illuminated by the transmitting antenna
and which contributes to the field at the receiving point is usually large enough to
contain many such blobs. Therefore, condition (vi) is satisfied. If, for the most part,
the random motions of the blobs are statistically independent, then conditions (ii)
and () are satisfied. If the illuminated volume is statistically homogeneous, then
condition (v) is satisfied. In practice, the signals received from ionospheric or tropos-
pheric scatter are found quite often to be Rayleigh-distributed. Therefore, it seems
plausible that somehow the remaining conditions, (7) and (i), are also satisfied.

An analysis of Eq. (1) shows that the phase of the arrival from each blob must have
a standard deviation much larger than 27 radians.® Beckmann indicates heuristically,
though not rigorously, that actual phases which are broadly distributed over many
cycles yield primary phases that are uniformly distributed on their 27-rad intervals.®
If this proposition were proven, then condition (i) would be satisfied. Condition (iii)
has not been considered.

Short-wave radiation scattered from a rough boundary is also found to be often
Rayleigh-distributed. The model in Fig. 1(B) has been applied to this problem,™® and
a discussion similar to the preceding one can be presented.

The problem here is to derive a relationship among conditions (i)-{iif) together
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with the condition of broad distributions in all the actual phases. The Rayleigh-distri-
buted field, as well as the additional conditions (iv)~(vi), will not receive further
consideration in this paper. Furthermore, no direct assumption on the statistical
independence of the actual phases @, ,..., P, will be made; that is, all random
scatterers will not explicitly be assumed to have uncorrelated positions. Although
condition (i) is defined in terms of the primary phases, the independence of the
actual phases from each 4, is also not assumed. Reducing these restrictions generalizes
the problem so that it may be applicable to the multipath interference considered in
certain studies on ducted propagation, where one of the reflecting boundaries is
random in shape.(®-121® [n particular, the individual arrivals at a receiving point may
be considered, under proper conditions, to be components of an incoherent field. Its
mean intensity would then be given by Eq. (3).

In Section 2, the joint probability density function of the amplitudes 4; ,..., dp
and the actual phases @, ,..., @y, of the elementary waves is considered. The Fourier
transform of this function is taken with respect to just the phase variables, and a
characteristic property of the Fourier spectrum for incoherence is derived. A special
case of this property is shown, in Section 3, to yield broad distributions in all the actual
phases. In Section 4, the joint and marginal probability distributions for the resultant
amplitude 4 and phase @ of an incoherent field are determined. A summary follows
in Section 5.

2. ANALYSIS OF THE ELEMENTARY WAVES

The joint probability density function (pdf) of (4, , Dy, 4z, Dy ,..., Apr, Pyay) shall
be denoted by Ky, by ».... dar> $ag), while the joint pdf of (4;, Dy ,..., Apr, Ppy) i
denoted by A(ay , ¢y ..., Gar» $ar). Without loss of generality, all primary phases &,
are assumed to be distributed on the same 2z-rad interval, namely, the interval
(—, 7). Then, it can be shown that®

hA(al ’ (ﬁl geres Apr s ¢M)

Z Z b Z h(al N ¢1 + 2k177',..., Aur (}SM + ZkM’IT),

o JRy=—® K= kpg=—w (6)
for —m<d;<m j=1.,M,
0, for any ¢; elsewhere

Therefore, A(a; , b1 »..., @ar » Par) can be represented by a Fourier series in the variables
é;, when —m < ¢; < m, j = 1,.., M, and is given by

ﬁ(‘h > ¢1 seens Qar s ¢M)

=) @ M

=y ¥ - i BnIM___nM(al,...,aM)eXp(~iZ’15951') @

Ny=—0 Nym=—00 Npg=—0 i=1
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With the aid of Eq. (6), the coefficients B, . . (4 ,..., au) are observed to be

By oy (@y 5eens Q)

=emv | | _ [T s e ases o) exp (i :2:1 n,.¢,.) ddy d, - dby
= (277)—Mki - 2_ f; f_’ Bay , by + 2Kyt ooy Gng s g + 2Kng)
X exp [i i:l np; + 2k,-7-r)] de, -+ dpr 8)

where it is noted that

exp [i f nd; + 2kﬂ")] = eXp (i f ”a"f’a')

j=1 i=1
Therefore, from Eq. (8), it can be shown that

Bnl...nM(al sres aM)

«© ®© M
= Qm) M f j hay , 0y ..., Qg , Bag) XD (z y nje,.) dby - dby  (9)
-0 - j=1
The Fourier transform of h(a, , ¢, ,..., s , $ar) With respect to the variables ¢,

is given by

Ck(Vl sevas VAL 5 @ 5eeey CZM)

© @ M

— [T [T Hr b, br e (1Y, v db o e (10)
—C0 —c J=1

Therefore, by comparing Egs. (9) and (10), the Fourier coefficients in Eq. (7) are (27)~™

times the Fourier transform of # (with respect to the variables ¢;) evaluated at the

integer quantities #, , B, ,..., 75, . 1t is observed from Egq. (10) that

Cil0,0,..., 05 ay ..., apy) = J._ f @y, b1 s Opr > Pag) Ay -+ Ay
= g(ay ... au) ¢8))

where g(a, ,..., ap) denotes the marginal pdf of (4, ,..., A,). Therefore, from Eqgs. (6),
(7), and (9)-(11), it can be shown that

M

e b e s ) = | T8 [86@r s ) + e b o i, 0] (12
=1

where u(x) is the pdf of a random variable uniformly distributed on the interval

{—m, ), so that

for —mr<x<7w

_ {@m,
ux) = ;O, for x elsewhere

(13)
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and e, denotes the function whose Fourier expansion is

eh(al ’ ¢1 seees QAL 5 <ﬁM)

© © ’ M
= ( 2 Z ) Ci#1y 5-ees Mipg 5 Gy 5envs Gpr) €XP (_i z ni¢j) (14)
7y =—00 Npp=—00 j=1

The prime immediately following the >’s in Eq. (14) is inserted to indicate that the
term for which ny; == n, = -+ = ny,; = 0 is omitted from the summation. From Eq.
(12), conditions (i)—(iii) for incoherence are observed to be satisfied if and only if
€, = 0a.e?

Applying Parseval’s equation to the Fourier series in Eq. (14), we obtain

[ [T iem™ aays by ares $aa)l iy - dbrs

w0 o«©

—@n (3 - 3 ) 1O a9
n1=—°° ’I'LM=—°0

From Eq. (15), €, = 0 a.e. if and only if the Fourier coefficients in Eq. (14) vanish.

Therefore, the scattered-wave field, given by Eq. (2), is incoherent if and only if

Ch(f’l]_ geees FIpf 5 Q1 peres CZM) =0 (16)

for all integer values of #, ,..., n,, not all of which are zero, and for all real values of
@y 5.y Apy » €Xcept possibly for a collection of vectors (g ,..., dar) of measure zero.
Then, from Eq. (10), incoherence is equivalent to requiring the Fourier components
of h(a, , by .. @ar, Par), as a function of ¢ ,..., ¢y, to have zero spectral densities
whenever their angular frequency vectors (vy,..., vy) differ from the zero vector
(0, 0,..., 0) and have all integer components.

An example of & for which C), 5= 0 at noninteger values of v, ,..., v, is given by

M
h(al H (}bl seees AL 5 GAM) = H ﬁ(qu) g(al srony aM) (17)
j=1
where (x) is the pdf of a random variable uniformly distributed on the interval
(g, g + 2km). The quantity k is taken to be some positive integer, and ¢ is some real
number. Using Eq. (10) directly, C; is shown to satisfy Eq. (16). However, from
Eq. (17), the actual phases are observed to be independent, as are the random vectors
(4q ooy Apg) and (D ..., Dyy). Therefore, the policy stated in Section 1 is contradicted.
Furthermore, the condition requiring broadly distributed actual phases possesses no
significance here. In the following section, a more satisfactory class of pdf’s / is given,
which is consistent with the motivation introduced in Section 1.

2 The statement ¢, = 0 a.c., where a.e. is the abbreviation for “almost everywhere,” means that the
collection of all points (@, , ¢1 »..., @, $as) at which e, 5% 0 form an event of zero probability
(i.e., zero measure). See, for example, ref. 16.
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3. THE BAND-LIMITED CASE

In this paper, the pdf A(a, , @1 ,..., Gpr, Par) is defined to be band-limited (with
respect to the variables ¢, ,..., dyy) if, for some positive number b, Cu(vy ,..., Var ;
a; ..., Ay) = O a.e. for all real values of a; whenever the v; are real-valued and at least
one v, satisfies | v, | > b. If b is the smallest such number for which this condition
holds, then b is called the bandwidth of h (with respect to the variables ¢, ,..., da).

If the bandwidth b is smaller than unity, then Eq. (16) is valid for all integer values
of ny ,..., nyr, Dot all of which are zero. Therefore, the scattered field is observed to
be incoherent if / is band-limited with bandwidth b, and if » < 1.

Denoting the marginal pdf of the actual phase @; by p(d), 1 < j << M, and
letting C,;{(v) be its characteristic function, it can be shown that

Col) = | w0 [ Culodyy, vB0g s ¥ty 5 @y s Opr) daty -+ daye (1)

where 8;; denotes the Kronecker delta, so that §,; = 0 for k -~ j, and §,; = 1.
Therefore, if / is band-limited with bandwidth b, then p; is band-limited with some
bandwidth b; . That is, C,/(») = 0 whenever v is real-valued and | v | > b; ; further-
more, b; is the smallest positive number for which this condition holds. It is observed
that

b;<bh, 1<j<M (19)

Therefore, if 4 is band-limited, then p{¢) cannot vanish identically outside a finite
interval,®

A band-limited 4, then, implies, in a qualitative sense, broadly distributed actual
phases @;, 1 < j<< M. In order to quantitatively investigate this problem, the
uncertainty principle®™® is used.

For each actual phase @;, two other random variables shall be defined. The
modified-®; , denoted by @™, is the random variable whose pdf is given by

P = dr/[ Ipra,  1<j<M 20)
and the spectral-®; , denoted by DIl is the random variable whose pdf is given by
A0 =1 G0/ ICuord,  1<j<M @
In these terms, the uncertainty principle‘!” states that
@M@ =1, 1<j<M 22

where o denotes standard deviation. Therefore, the more narrow the Fourier spectrum
of pi(¢), the broader will be the distribution of &; ; and the more narrow the distribu-
tion of @; , the broader will be the Fourier spectrum of p,(¢).
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Although the dispersion of the outcomes of @; about its mean value is usually
measured by o(®;), Eq. (22) requires that this dispersion be measured by o(@L™).
This assumes that the shape of the graph of [p/{(#)]? is not too different from that of
pi($). Similarly, the dispersion of the Fourier spectrum of p,(¢) about the spectrum’s
central moment ought to be measured by the standard deviation of the random varia-
ble L4, whose pdf is given by

o) = 16l 1cu 0 @3)

However, if the graphs of | gm-(v)] and | C,;(v)|? are similar in shape, then o(®!])
may be used as reliably as o(P).

* It is observed that the magnitude of the characteristic function C,,(») is an even
function of v, Therefore, from Eq. (21), it can be shown that

(@) = (E[(@5 e, 1< i< M 4

where E denotes mathematical expectation. Substituting Eq. (24) into Eq. (22), we
obtain

APTHE(B e =y, 1<j<M (25

Since pf¢$) is band-limited with bandwidth b;, then, from Eq. (21), p}l(v) = 0
whenever | v | > b; . Therefore, using Eq. (19), it is observed that

by B;
E@Y)= [ e <b? | e d=bF <t (26)

7

From Egs. (25) and (26), we obtain
B =1, 1<j<M @7

Therefore, Eq. (27) exhibits a lower bound on the standard deviation of each modified-
®;, 1 < j< M, in terms of the bandwidth of a band-limited pdf 4. It is observed
to decrease monotonically with increasing b and equal the value ¢ rad when b = 1.
In this section, a band-limited pdf % has been shown to imply an incoherently
scattered field if its bandwidth b is smaller than unity. Furthermore, the actual phases
have been found to be broadly distributed random variables, and the standard
deviations of the modified-®; are all greater than or equal to (26)71.
Neither has the statistical independence among the actual phases been explicitly
assumed, nor has that between the actual phases @, and the amplitudes 4, . However,
it should be mentioned that whether these conditions are implied by a band-limited
# remains a theoretical question, and is open to further investigation.

4. THE TOTAL SCATTERED FIELD

In this section, the joint pdf of (4, @), denoted by #(a, ¢), is consider. The func-
tion #(a, ¢) is derived in terms of the joint probability distribution of (4, , Dy ,...,
Ay, Dyy), and is presented in the form

1a, ¢) = u($)gr(@) + 3:(a, $)] 28
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where g {(a) is determined from g. The function u(¢) is given by Eq. (13), and the func-
tion 8,(a, ¢) is determined from e, later in the section.

4.1. Mathematical Analysis

If the rectangular-coordinate components of A;exp(i®;), j= 1,.., M and
Ae*? are defined by

Xj:A:;COS@j, Y,»——:A,-Sin@,-, 1<]<M (29)

and
X = Acos D, Y= Asin® (30)

then Eq. (2) is equivalent to

Mx

X=13% X, Y = Y; (31)

s
i
i
.
I
-

The joint pdf of the random vector (X7, Y ,..., Xar, Yu) is denoted by r(xy, ¥y »-..
Xar»> V). Using Eq. (31) as a transformation of the random vector (X7, Y7 ,..., Xar, Yar)
to the vector (Xy, ¥y ,..., Xpr s Yary . X, Y), the joint pdf of the second vector is
denoted by s(x;, ¥y 5ees Xag21 » Yar_1 5 X, ¥), and the Jacobian of this transformation
can be shown to equal unity. Then,

S(xl s V150 Xag1 s VM1 5 X, J’)

M-1 M-1
=7r (xl s V1sers XM1 s VM—1>, X — Z Xjs YV Z y.’l) (32)
i=1 j=1

Therefore, using Eq. (32), the joint pdf ¢(x, y) of (X, Y), which is a marginal distribu-
tion of (X;, Y1,y Xaga» Yarq, X, Y), is given by

q(x,y):fioffw---fiomf:r(xl,yla---»qua}’M—l’ x*‘zlxw y—MilJ’:i)

j=1

X dxy dyy - dXprq Ayag (33)

Using Eq. (29) to transform Eq. (12) into rectangular coordinates, we obtain
r(xl s V150 Xg s yM)

= @m)™ [l_[ (x5 + yﬁ)“”z] {&l(x® + Y2, Gar® 4 Y]

=1

+ enl(xs® + YR F(xy 5y (ar® + YV Flotnr , ya0)]) (34)

where
— Arccosfa(a® + 5%)-1/2], for <0

Arccosfa(a® 4 b?)~12], for 5 >0 (35)

Fla, b) = arg(a + ib) = z
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and [T}, (x> + »»~12 is the Jacobian of the transformation. Substituting Eq. (34)
into Eq. (33) and changing the variables of integration to those of polar coordinates,
we obtain, after simplifying,

[
= by=—n ¥ ;=0

4. y) = @m¥ [

Spf—1=—7 ¥ apr_1=0
M-1 M-1 27 -1/2
[(x— Za,cosgS) (y— Zajsincﬁj)]
=1
M-l M-1 271/2
X {giay ,.. ,aM_l,[(x—Za] osqS) (y—z a,smqﬁ)] ‘
=1
M-1 M-1 271/2
+ €niay, b1 Arras S{)M—p[(x Z a; cos 9—") ( - z a;sim ¢J) ] >
j=1 i=1

da, d‘f’l o day d¢M»-1 (36)

M-1 M-1
F(x— Y ajcosd;,y— Y a;sin qu)
j=1 i=1

Recalling that the joint pdf of (4, D) is denoted by t(a, $), and using Eq. (30) to
transform (X, Y) to (4, P), we obtain

aglacos p,asind), for a>0 and —w<Pd<m
Ha, $) = g for aor ¢ -elsewhere (37)

Noting the identity,

(acosgS—Mi‘la,cos¢) (asmq{»—MZ—la,squ)

M-1

= q® — 2a Z a;cos(¢; — ¢)
§=1
N Mil Mz——l a].ak[cos(9'>,- _ ¢) COS(<,‘I51¢ _ qS) + Sin(¢j — qS) Sin(¢’k - ‘IS)] (38)
i=1 k=1

Eqgs. (36) and (38) yield, fora >0 and —7 < ¢ < 7,
g(a cos ¢, a sin ¢)
= Quye [ [ [ [l aa

cOS(dy — Pye.n COS(Par—y — ), sin{hy — B),enrs SIN( sy — )
X day dy ++ dayey dppgy -+ 27) a-18,(a, ¢) (39)
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where

Jfg(as al genny aM~1 B fl seses §M——-1 s 7]1 seeey 7)M——1)
= [OZNl(aa 4y 5eesy aM—l ] 51 seers GM—1 5 7]1 seees "’M—l]—l

X glay soees Qrgr s Org(@, Gy yovey Gpg > &1 vy Eppy M s Ma-p)]  (40)
and

OZM(‘Z’ Ay 5o ppg ‘fl sewsy §M~1 s M1 seers 77M-—1)

M-1 M-1 M—1 1/2
~le=2'F at+ Y Y e+ ] (1)

J=1 j=1 k=1
The quantity 8,(a, ¢) in Eq. (39) is given by

Qm)-M-1g f; J: f; JP:fEh(a, b, a , by s Arry > Pary)

da, $) = § X day ddy -+ dar dbry, for a0
0, for a<0

(42)

where
feh(aa ¢’ a , (}51 seees Ay 5 SbM—l)

= {OZM[a: Ay yeees Qpgy 005(451 - ?”);---, COS(‘;[)M-—I - (]5), Sil’1(9[)1 - 95)9---» Sin(SbM—-l - ‘1‘{))]}~1

X €p iy, 951 seees Apr—y 5 Q,SM—I s

[(a cos ¢ — Agl a; cos ¢,~)2 e (a sin ¢ — Agl a; sin qS,-)Z]l/z,

F (a cos ¢ — ﬁgl a;cos ¢;, asin ¢ — El a; sin ¢,)§ 43)

Letting ¢; = ¢; — ¢, 1 < j << M — 1, in the integral in Eq. (39), we obtain, for
az0and -7 < & < 7,

g(a cos ¢, asin ¢)
T— © r—d ©
= 2ay ™M J f f f JAa, ay oo, pgq 5 €OS tfy o, COS gy s
—7—d ¥ 0 —m—¢ Y 0

Sin 4y ..., SIn iar_y) day difyy = darey difpsy + Q)= a1 84(a, ¢ 44

Since the integrand in Eq. (44) is periodic in each i; with period 2+ rad, and
since each i-interval of integration, namely (—= — ¢, = — ¢), is always of length
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27 rad, then the integral in Eq. (44) is independent of ¢. Therefore, from Egs. (37)
and {44), we obtain Eq. (28), where gr(a) is given by

k4 o T o0 .
(2m)~tM-1g J fo J f JA@, ay ey Qpr_y 5 €08 thy ,.ne, COS Yipg_4
-7 -7 Y0

grla@) = Si0 g 5., SIN g g) day difsy - day, 3 Ay, for a0
0, for a <0

(45)

As claimed earlier, &, is determined from ¢, , and is given by Egs. (41)-(43). Also,
gr1s determined from g, and is given by Egs. (40), (41), and (45).

If ¢, = 0, then Eqgs. (42) and (43) show that 8, = 0. Since ¢, = 0is equivalent to
incoherence, therefore Eqs. (13) and (28) show that the resultant phase of an incoherent
field is independent of the resultant amplitude and is uniformly distributed on the
interval (—m, 7). The marginal pdf of the resultant amplitude is given by Eq. (45).

From Egs. (2), (38), and (41), it can be shown that

Apr = OllA, Ay ooy Apg_y , cO8(D; — D),..., cos(Py,, — D),
sin(®@, — D),..., sin(@,,_, — D)} (46)

Therefore, the function %,, gives the amplitude of the Mth elementary vector,
Ay exp(i®yy), in terms of the resultant of all M elementary vectors, 4e?®, and of the
first M — 1 elementary vectors, 4, exp(i®y), | < j << M — 1.

The presence of {7y, in the integrals in Eqgs. (39), (42), (44), and (45) is due fo the
product of two Jacobians. The first Jacobian results from the transformation that
yields Eq. (34), and the second is needed in Eq. (36), where the variables of integration
were changed from those of rectangular coordinates to those of polar coordinates.

Since the random variables 4;, 1 << j < M, and A4 never assume negative out-
comes, the functions 4, %, g, and ¢, vanish if any a; is negative. Therefore, the interval
of integration for the variables a;, 1 < j << M — 1, in Eqgs. (36), (39), (42), and (45)
is taken to be (0, o) instead of (— o0, ). Also, the joint pdf #(a, ¢), as well as the
functions g and &, , are defined to vanish if @ < 0.

4.2, Remarks

It should be mentioned that the absence of the random amplitudes 4; from
consideration reduces the problem treated in this paper to one that was previously
investigated in the literature,*415 though not on propagation. However, from the
definitions of incoherence, the amplitudes A4; of the elementary waves must also be
considered: Condition (iii) of Section 1 is needed to demonstrate Eq. (3) for random
A; as well as to derive the independence of 4 from @.

5. CONCLUSION

This paper defines the incoherence of a scattered field in terms of the amplitudes
and primary phases of the elementary waves. However, conditions involving the
actual phases, rather than the primary phases, are derived for incoherence.
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The joint probability density function of the random variables 4; , D, ,..., Ay,
Dy, denoted by A(ay, ¢ ..., aar, dar), 1s treated by taking its Fourier transform,
denoted by Cy(vy,..., Vas ; Oy ».-, Gay), With respect to only the variables ¢ ,..., dpr.
The scattered field is shown to be incoherent if and only if Cy(ny ,..., Aiar; ay ..., Apr)
vanishes, independently of the a; , for all integer values of n, ,..., #5r, not all of which
are zero. Therefore, if £ is band-limited, so that C, vanishes whenever any v; exceeds,
in magnitude, the bandwidth b, and if b smaller than unity, then the scattered field is
incoherent. Furthermore, by using the uncertainty principle, a band-limited 4 is shown
to imply broad distributions for all the random phases D, ,..., @, .

The resultant phase @ of an incoherently scattered field is shown to be indepen-
dent of the resultant amplitude 4 and uniformly distributed on the interval (-, 7).
These properties of 4 and @, which are also valid for a Rayleigh-distributed field
resulting from the addition of conditions (iv)—(vi), are therefore shown to require only
the conditions ({)~(ii) for incoherence. Furthermore, under the conditions of inco-
herence, the probability density function of A4 is derived in terms of the joint probability
density function of A4, ...., A,
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